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Classical symmetries of gauge theories

QCD = (3+1)D YangMills theory with matter in fundamental represeitiatof SU(3)

Locp = - %tanzm +y (iD- m,)y
Symmetries of the classical theory:

gauge symmetry
chiral symmetry (form,=0)

SO(4,2) symmetry (fom,=0): 4D rotations, translations, dilatations, speconformaboosts

Many of classical symmetries are broken on quanéwal due tcanomalies:

chiralanomaly: T 37 = 9 trF,_ F ™
8p°
conformal (trace) anomaly: Q, "= b(9) tr F,_F ™
g

Q: Are there any hidden symmetries which would ltelpolve theéheory?



Wilson operators and anomalous dimensions

Deeply inelastic scattering of hard probes off badr
LHIiQ 2
xP

_ M5 =Q° @- X)/x
P P P

Operator product expansion:

Cy.(9)
b2 QF

Wilson operators of high spilfN>>1U x® 1 asymptoticof structure functions

;dXXNF(X,QZ) = <p‘ON,L (O)‘ p>”%:Q2

For x® 1 , the final state has a small invatrrmass andsidominated by soft gluons:
quark fields® Wilson lines

The anomalous dimensions at large dpscale at most logarithmically

(PO, @) P),; ~expl- gy N AF) gy, =GN N
Sudakovwscaling is a universal feature of all gauge thepfimm QCDto =4 SYM



Lightcone dominance

n
.. P4 time
Bjorkenlimit:
- g* ~ pq@®¥ MNV\//E >
g’/ pxq =fixed - space
-2 12
P
Xp Xp

Basis: quantum mechanidato-
herenceof physical processes at
short and large distances scales



Primer on ligbone QCD

Light-cone gauge: A" =0

Decompose the quark and gluon fields in termgyobtij and"“ el compomentssofiftiesinfiiviie
momentum frame formalism:

Quarks: Y=Yty V=39 9u¥
“Good JV + is a dynamical field
7 ’ . H H . . _ 1 - 1 .
Bad’" J . is an interactiordependent field: y.=-+1 (,7/,\ + ghA )gF ¥,
Gluons: "=An"+A"
Integrate out thébad fields, )., A , in the functional integral: Kogut, Soper 70
Lioco = - %tr [FAH FJ - 49,A T Al + 2(ﬂ;1Diﬂ+Al )2 + ]
oz
Quasipartoniopeators {<gepemating dunctions ©bidiesl YWils o pmponss) Z
OJ/+(Zi)OJ/:(Zj)O F..(z,) %
i j k

. ; — — +
Example: twis2 operator Yy gy = 2)/ Jos Bukhvostov, Frolov, Kuraev, Lipatov '85



CallarSymanzigquation

Wilson operators
Oy, w, =t {TX(0)1)X (0) )X (0)]
mix under the action of the dilatation operator

ﬂ ﬂ
m—+ b — O = H xO = V(N,|K.)O
ﬂm ﬂg NaN, Ny NyNo Ny . | J) KiKy Ky

I

Theeiggnvaluesfdf (H) determine the anomalous dimensions of multighedy renormalizable
Wilson operators:

H>Y =g(g9)Y

J=0yy \/Wc / (20) 1 ............... S— f

Ceaboy ] |

N, ® ¥ L ko
pooP2  ogaqnody

........................ ..| Only planar interactions survive| .1-lsoa0000l ™ -..




Perturbativstructure alilop

ThedilomanimitsperidyativieexpapsiondritikHodficdupling constant:
Ho=g"H® +g*H" +

The range of interaction increases with order thepling (e.g.L=3):

Bukhvostov, Frolov, Kuraev, Lipatov '85

O(9 ):
H2, = ‘ ﬂ ' O ey T
ngaresine_lghbor seltenergy
interactions
0 — 4O (0) (0) (0)
HL _H12 +H23 +H34 + +HL1
O(9 ):
HO, = + o+ « + '
nextto-nearesineighbor ® i e
interactions < e ., .



Example: twigholomorphaperators

(Anti-)holomorphicgauge potentials:

A= A +iAY (helicity (-1) state) ‘ ON_N — tr {ﬂNlA(O)ﬂ NzA(O)}
A= A-iAY (helicity (+1) state) alignedhelicity gluon operator

Oneloop mixing of tweparticle operators

U
Hl(g) ><ON1N2 = Ew/% + = V(O)(Ni |KJ-)OK1K2
Kj

with the mixing matrix

(0) — Onoky, No! (Ng+2)!1 | Gngky Nyt (Np+2)!
\Y (Ni |Kj) - leKlszKz(y(Nl +3) +}/(N2 +3) - Zy (1))' dN1+N2,K1+K2 (N;KZ2 K_z' (Ki+2)! + Nl—lKllK_i! (K2+2)!)

Diagonalizatiorof two-particle mixing matrix?
Diagonalizatiorof L-field mixing matrix???



Collinear conformal symmetry

S0O(4,2) symmetry:

Pr Xe® XgF am M jn X& W Xn oD X® | X; Ki 0 %dg

translations fewotations dilatations conformal boosts

light-cone projection

S0O(4,2) reduces to the grouppibjective transformations on a lirSU(L,1):

Jt=ip, ) =45K. 3P =L(D+ M, )

Representation on fields:
)l

IR R S TR LIS S
1z 1z 112

1 for quarks
3

. . . i. =1(d. + =
Conformal spin of elementary fields: |, =2(d, + s;) S for gluons

QuadraticCasimir. J?=J3%J°-1D-J3J3 °JJ-))

% ® m n



Conformal operators

The SL(2) subgroup of the conformal group:
S*=K.=2M,+2jz, S =-P,=-,, S°=L(D+M_,)=127,+ |
QuadraticCasimir. conformal spinj
j2 = S°S°+%(S+S' +S'S+) of the field j =1 (s+d)
Conformal operators:

J?0, = (N +2j)(N +2j-1)0,

= =

6,0 =tr{x @f7, +i7.) PP (=2) x O}

Theeigenfunction®f the mixing matrix are given by conformal operato

TheeigenspectrurpJ , = N +3 is the-particle conformal spin]
HO, =9@(3,)0, . 97(3,) =2 (J,)- ¥ M)
0)

Oneloop dilatation operator isonformallyinvariant =~ s Hj;’ =H3(J°)



Conforma@ommutat@onstraint b Meler o

[D.K,]. =K, ‘ lo(g).a+g°(g)+ b(g)b|=0

g?-independent matrices

0\0 b=
s =

[g 9, a+ 0(92)J= 0 ‘ g = diagonal

Betafunction
Special conformal anomaly:

A N o
exO, dixx F2(x)= ¢g5%(9%)0,

k=0

.. A O,
E.g., oneloop g° ~
I @y % 3 E 2

o)



Generating functions

Transition from local Wilson operators to genergtiunctions:

t
Ou. =tr(1.)*xOf1.)"x©@ (1.)*x© z
- é
0z,2, )=t X(Z)X(Z) X(z) z/ X
The RG equation:
mﬂﬂ—m+ b(g)% O(z,z,, ,z,)=Hx0(z,z,, ,z)) Geyer, Robaschik '80

Balitsky, Braun '87

Thepairwisedilop generates the shift of liglebne positions of the fields in the direction of
each other (e.g., for the alignbélicity spinssl(2) sector of any gauge theory):

'da
HY0( ,z,z, )= ?{20( 225 ) t

0

- - a)*'0( ,z-az.z, )

_ 1'& 28—10 ’ -,Z-+a .
Diagonalization 1d-2a) (.2 4 )}

X
(- 2)" =2y (N+2])- y @D](Z - 7,)" /

\ eigenvalueof sl(2) conformalCasimir




DegeneraC|md| nteg rabl I Ity Braun, Derkachov, Manashov,

Korchemsky, AB '98
Diagonalizatiorof the mixing matrix fol.=3 yields the spectrum:

12 ~

Anomalous dimensions occupy a band
. Anomalous dimensions seem to lie on trajectories

x M x o T x X ! Eacheigenvaluas doubledegenerate (except for
- the lowest trajectory)

Jl g JET eET i integrability

« 0 | There exists a new quantum number

) i g (N,-q) =9 (N, q)

S S S Implies the existence of a conserved charge.

0 10 20 30 40 50

Nontrivial charge: q, = €% S/S,S;
[H®,d,]1=[H®,q;]=0

.. — i i iy 2
ConformalCasimit  d, = (S; + S, + S;) complete set of charges!



Compact Heisenberg magnet

Heisenberg '26

L . .
h, =- (Sn xS, .. - %) Spin states:
n=1
1 _ 0
- ‘- > - O ‘ > - 1
‘_> ‘ >|_-1 " >5
@ Spin operators:
A —0 ‘_>4 +201 _:OO 0:_1 0]
"l 7, ), ®T00 210 %70 i1

Each spin site has both the highes} ana@doyw ) \e@olss.
Exactly solved byBEtiEAnSatztz. Bethe ‘31
Map the spirip@aaddspjroieum/states astonpolymontizlisinnyialiddzie

ez [

The spin operators admit representation in ternuffefrential operetors off vieristiiz

S*=2,-2, S =9, S°=2z21,-1%



Norcompact SL(2,R) magnet

The spin operators admit representation in ternusfigfrential operatons off viariaibiz
S*=2z°M,+2sz, S =-9,, S°=2z9,+s

(Recall that for the compact magisst1/2.)

On each site, the spin can take an infinite nurnbealues:

ZEE'll Z:
|state ) ® {1,z,z% 2%, ,z"} 2 5
s X0 < >
-‘ )
There is the lowest weight, but not the highesgiei z Z% zks %4
The pairwissOasknitopgrataror:
2 _
(Sk + Sk+1) - ‘]k,k+1(‘]k,k+1 - 1)
Theintegretiepairiviss &lataitioniaizan: Kulish, Reshetikhin, Sklyanin '81
L Tarasov, Takhtajan, Faddeev '83
h, = {J/ (J k,k+1)_ Y (23}
k=1

Oneloomdilidpa sshledHaanitboraanocbthihe meompacieXiaagnet!



Oneloop Baxter equation

There exists a family of commutative operators: Baxter '82

[Q 0 (U), Q (V)] =[Q ) (u),q,]1=0
The sl(2) Qoperator satisfies the Baxter equation (fgudrticles):

(U+is) Qg (u+i)+(u-is) Qg (u-i)=tU)Q g (u)
The (auxiliary) transfer matrix is a polynomialun

2

t(uy=2u"+qu-*+ +q,

The Hamiltonian of the magnet:
H© =iQg,(is)/Q (i) - 1 Qg (-15)/Q ) (- is)
Theeigenvaluesf the Baxter operator:

~ N
QoW =0 (U= Ugy)
'\ Bethe roots
(obey BethéAnsatzequations)



Fine structure of spectrum (L=3)

Asymptotic solution to Baxter equation 1
Q(ulh)~exp ;S(U)

—_ ) B
Systematic expansion in the inverse conformal spin h=(N+sL)*<<1
Eigenvaluedie on trajectories:
(0)pny 3 (1)
_n 9N 19
9oy (N,n) =1n /3 TN q®
1 @ 2(g® ¥ - 11 22.5¢
+ N 2 q(O) - (CI ()0) 2 - 3y (1)
q 8(q ) N
+ O(N %)
. . . 17.5
The nontrivial charge is quantized: o
(0)
N° (0) ) 15t
= — + N +
q ﬁ(q q®/ )
12.5
1
(0) — +
q 3 1
7 14t
q(l) = —-n, | . | | | |
2 a 10 20 20 10 50
g =822 20 N
9 3 3

Braun, Derkachov, Korchemsky, Manashov, AB'98



Beyondajuasipartoneperators (twist>3)

Nonquasipartonioperators (e.g., twist=4):
OnQP :(y-F+'\y+! y+F+/\D'\y+! y+F+-y+! )

Mixing with quasipartonioperators is block triangular:

Conformal symmetry fixes the (eftliagonal kernels up to a (twainglevariable function, e.g.,

KQ0( _1d 2i-1 2i2-1 ¢ ﬂﬁ b g _
12 21’22)— adbdgb b Eg’ @ O(ZfZ’ZH’ZlZ)’ ZfZ_Zl- az,
0

The function in the integrand can be matched toiF@n diagram.

Anomalous dimensions are determined by diagonakisl¢can bedund bydiagonalizatiorof
an SO(4,2) spin chains)

Need offdiagonal elements f&igenfunctions



Things to be done;:

Calculation of evolution kernels
Diagonalization

Coefficient functions



From the light consuiperspace
Brink, Lindgren, Nilsson’83

Complex scalar =4 chiral light-conesuperfield Mandelstam '83

A_B C_D

F =& 1A+ G 450G o~ 360001 ° - S €0l PP

All single-trace operators of =4 SYM:

0(Z,Z,, .Z)=t[F(Z)FZ) FZ)]

Oneloop dilatation operator:

G

Light-cone kernel of the dilatation operator actinguiperspace Z =(z ,Q{A) qz“
% i
O "da { -2
Hij O( ,Zi,Zj, )= P w()( L - aZU, , )
0 %
vzt
25 - 1with s =- 3 -@- a0 \Z,2,+az, )} -
X
disaplacement AB, Derkachov, Korchemsky, Manashov '04
In superspace
Lipatov '97
Oneloopdilivpdnn =4 SYM is psu(2,2]4) graded magnet! Minahan, Zarembo "03

Beisert, Staudacher '04



Tweloop scalar operators g2,4 SYM

f, =2
O(z,z, |, =t X X X X = :
(2.2, .2)=t{X(2)X(z) X(z)} frif, =4
17.5 B N L ox x op
(a) L=3 (b) e (¢)
15 VI x , x B .
12.5 e
10 2 ’ 1 15
7.5 ol
c 0 -25
2.5 1-loop 2-loops oo 7 %1 2-loops
AN O =2sYM N | =4sYM )
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
=2 SYM =4 SYM
+ 2\ — 2 4 +
grn-.(g*)=g%2+9g*% gn-.(g%)=9%2- g*%
In=s(97) = 0" 2+ 95 gn-a(9%) = 9" %~ g* &
The spectra are degenerate in bott2 and =4!
Relation between anomalous dimensions: g _,(9)=@A+9g%g _,(g?)

AB, Korchemsky, Mueller06



Multiloopl(2) Baxter equation

Beyond ondoop, the Bethe roots adnperturbativecorrections:
u(9)=u’ +g°u’ +g'u’ +

The Baxter function remains a polynomial in thecégaé paramegr u:
~ N
Qu) = Okzl(u - U (9)) =Qg (u) + g° Qy (L) + g4Q(2) (u) +

The Baxter function obeys a Baxlie equation:

d, (WQu+i)+d (UQ(u- 1) =t (U)Q(u)

The dressing factors are functions of the renomadlspectrgparameter (stringnspired):

x[u] % % u?- gz, X, = X[Ui]’ u, :uil2 Beisert, Dippel, Staudacher '04

.. depend oK at previous order (!)

AB, Korch ky, Mueller'06
d (U) XL S [x] S+[X] [|nQ('5)] +O(g4) orchemsky ueller

IS a consequence of renormalization of the confbspia of operators beyond one loop:

Jo =N+35L J=N+iL+ig9(g?) AB, Mueller '98



Allloop Baxter equation

Asymptotic altorder Baxter equation: AB 06

X IQ(U-+) +X-e IQ(u- ) =t (U)Q()

The altorder dressing factor

1
dt N
D.[X]=7 ——=InQ(x3- gt) 1- T
P_l 1 t gt
1
dt Q(-L- gt) * dk 1 ) )
-9 2 2 vl (1 %Xl %)
gV1-t Q(+2 gt) ,s- t[¥]2p| sini? pk

The second lines provides smooth straweggak interpolation. Beisert, Eden, Staudacher '06

_ Beisert, Hernandez, Lopez '06
Anomalous dimension:

dt o Qs gt
= In
9(9) Q- - gb)

Asymptotic BetheAnsatzequations:

2

L - + 1_ 9
X, g X - X AxIx
t(u,) = pole - free k = QO X - A

X1 gl70ex) Beisert, Staudacher '06




WKB of Baxter equation

(U+3)"Qe(u+i)+(u- )" Qu(u-i)=t(u)Qq(u)

Quasiclassicdimit Flaschka, McLaughlin’ 76
Pasquier, Gaudin’ 92

A=(N+iL)'<<1  “Planck constant
( J ) Korchemsky’95

Q(u/h) ~exp hls(u) Hamilton-Jacobi function

The Baxter equation reduces to a complex curve: / b= N+ L
2 2 ' b
G: Y =4-t°(u), y=2cosp), pU)= S+

The problem of determining the spectrum is reduodthding the quasimomenturp(u). It is a
doublevalued function on the complex plane with squ@®t branch points ati(l)|=2.

g” ~plrit)- ol i)



S p e Ctral C U rve Novikov, Manakov, Pitaevsky, Zakharov '84

Kazakov, Minahan, Marshakov, Zarembo '03

Thequasimomenturmp(x) becomes a single valued function onligperellipticRiemann
surface of genuk-2.

accumulation of /
Bethe roots on cuts:

t?(u)3 4

(zones of allowed
classical motion in

separated variables) cut“

The curve is endowed withraeromorphidifferential

t¢
o e
JA- t2(X)

and a complete set of cyclesand ;.

odp =0, odp =2pj

a; 9



Lowest trajectory in thermodynamic limit

Thermodynamic limit: L ® ¥ AB, Gorsky, Korchemsky’05

In thermodynamic limit, the minimal energy arisesi two-cut configuration:

-1+ 7 1 b K(¢
dp= S , a=———, b=———, b= 1.7 K@)
JOC - @)(X - b?) 2E(t) 2K (1) E()
2
L>>N: 0 = p_ﬁ + e S is analytic
. 2¢ |2 % at the origin
Berenstein, Maldacena, Nastase '02 depends on singlparticle
conformal spin - _ b a
) o _2,.2N - iz/L
L<<N, Le>N: g9 = Em f+
Beisert, Frolov, Staudacher, Tseytlin'03 cuts collide for 0
does not depend
on twist :
Lel<< N: g9 =2InN+ L e

Does not depend on twist, i.e., same for ahy
Its coefficient is (ondoop) cusp anomalous dimension.

_/ at the origin

1
N
N

®
L




Cusp equation

Cusp anomalous dimension determiBeslakovasymptoticof Wilson anomalous dimensionsef<< N):

9(9) = 2G,,,(9) IN N +O(N°) Korchemsky '88

The equation for cusp anomalous dimension in dik of pertrbation theory:

es+[x+] Q(U + i)Q(O) (u) —1 AB’06
N Kostov, Serban, Volin '07
Q(U)Qpy (U +1)

Guep(@)IN N =i lim u(ln Q(u)/Q ()

Fourier transform yields tHamomentmspacé cusp equation. Beisert, Eden, Staudacher '06

Perturbativesolution postpre-dictsterms in the expansion:

— 2
Qusp(g) -0 — Polyakov '80
_ p2 g4 AB, Gorsky, Korchemsky '03
12

Kotikov, Lipatov '03

- 1_1lig6_

750 Kotikov, Lipatov, Onischenko, Velizhanin’05

| 73p% 41 52 ) 8 Bern, Czakon, Dixon, Kosower, Smirnov’'06
(e +222@)o+



Gauge/string correspondence Maldacena'o7

=4 sYM is dual to type IIB string theory on curvedperspace

" fermi ~PSU(22|4)

AdS S

Strings in 4d behave as if they are living in tikedpace, théfth (Liouville) dimension being a

result of quantum fluctuations. Polyakov'89

xSing, AdS
L) C:DO

ds? = dxmdx”;+ dz®
Z
/

Y
4D JI =Rlat¢ g =/ I(4pN,)

fifth dimension




Wilson operators in gauge/string duality

string states
(energies)

lo@l operators
(ammalous dimensions)

<

Gubser, Klebanov, Polyakov'98

Spectra should coincide Witten’98

Integrabilityof gauge theory should manifest itself in stringdty (and e versa)

Strong/weak duality:

perturbativegauge theory < guantum strings

strong coupling gauge theory g classical strings

Resolution of the problem: consider operators Vthe numbeof fields
=  string sta®with large quantum numbers



Dual string states: folded rotating string

Energy/anomalous dimension relation:

g=E-L-N
Short stringd.>>N:

Berenstein, Maldacena, Nastase '02

_ 2N
g=p ?"'

Long strings Ad3 smallN

L<<N, L> In(N/L): v

1 N
- , =292 =In?—+ A S L
Tseytlin et al.’02 g=49 L L <

L<<N, L<< In(N/L):

Gubser, Klebanov, Polyakov '02 AdS largeN

Kruczenski '04 N

g=2giln—+
g

norranalytic dependence in the coupling constant

Interpolating formula for long strings:

g° N
g=L 1+ ~In?—-1 +
(L/2) L AB, Gorsky, Korchemsky'06




Strongcoupling cusp

Numerical solution of the cusp equation suggested i Benna, Benvenuti, Klebanov, Scardicchio’06
Analytical solution: Basso, Korchemsky, Kotanski 06
3 K 1 ,
Gup(9) =9- ——IN2- —=+0(1/g?
i 20 4p® g

Expansion coefficients are all negative for theegton of thdirst
The expansion coefficients grdactorially (i.e., 1§ expansion is ndBorel summablg

¥ - _
du e e ¥
®

us (g) = g - T Nl
T R TR
String sigmamodel calculation of the folded rotating stringAaS;

Gusp(9) =9 Gubser, Klebanov, Polyakov '02
h 3
\ -—In2 Frolov, Tseytlin '02
2p
- KZ 1+Q(]/92) Roiban, Tseytlin '07
4
AdS largel P9

> 29/by | ~2b,/ b2 Alday, Maldacena '07
The O(6) model develops a mass 9ap:G,,(g) ~ N¥ = g 1/9 2/ b Baceo Koichemaky 08

Fioravanti et al. ‘08



Exploring the fine structure

Systematic expansion of the-alider Baxter in WKB series: AB, Korchemsky, Pasechnik '08

Upper part of the spectrum, e.qg.,
e.g., L=3, three loops -
— ~@ q“N
g(Z)(N 1 n) - chsp In ﬁ - 6y (1)

-2y WD) - 3y ql)y €1) +O@1/N)

Spiky  string ~
for the highest @
trajectory:

Kruczenski '04

Lower part of the spectrum (arbitrary L):
Oneloop analysis suggested the expansion: AB, Gorsky, Korchemsky '06

;) L-1 )
=2g%IN N 1- In2 y % d© YV +
Yi0) = 29 4InNk_2(k )
\ encodes fine structure

Systematic expansion, e.g.,

L
+

9(g)= +9g°InN %p“+[— Lp*in2-ip?z(3)- 212(5)]In N

Agrees with a different formalism.

Freyhult, Rej, Staudacher '07

Q: What is the string configuration interpolatingflveen low ad upper boundaries?



Beyond the minimal sector: AnalytiAiRsdtz

Problem:
R-matrices are not known for the putative laiagge”chaing emerging in =4 SYM.

Solution:
Formulation based on the Analytic Bethmsatz Reshetikhin '83
Transfer matrices are quantum generalizatiorsapér)characters

Transfer matrices being tracesnabnodromymatrices are sums of terms, one per a component
of corresponding reps

Transfer matrices are entire functions (use BAtisatzEquations to prove this)

Formalism devised for sherange guper)spirchains. Kuniba, Tsuboi '95
Tsuboi '97



Elementary Young tableaux#drSYM ...

Yield fused transfer matrices anesystem/¥systems.



Wrapping :
Interaction range exceeds the length of the chain.

Asymptotic Baxter equation is not valid above orgkét 2.

Konishi operator:
O

Anomalous dimension:

Konishi — tr fifi « tr ZDZZ

3
Gxonishi (g) = 3g2 - 3g4 +% g6 - %QB +
with a“diversé predictions:
5307+1128~ (3) Kotikov, Lipatov, Rej, Staudacher, Velizhanin '07
g, = 4992- 1152~ (3) +288Q~ (5) Fiamberti, Santambrogio, Sieg, Zanon ,08

5214+56z (3) + 280z (5) Keeler, Mann '08

Lueschercorrections tasympoticBaxter (or Bethe):

all states of su(2,2|4) propagate in the loop

= - 648- 1728 (3) + 288 (5) Bajnok, Janik ‘08




Conclusions

Consistent incorporation of wrapping effects

Operator formation of thAdS long-range spin chain

More quantitative predictions f&dS/CFT:
SubleadingNVKB corrections at strong coupling

Daughter trajectories, density of states in thedban
Etc.



