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Abstract

The response of a stationary atom with a J = 0 ground state and a J = 1 excited
state is calculated for arbitrary light intensities and polarizations in the presence of
a small magnetic field. The force on the atom is calculated in a coordinate-system-
independent manner, so the result is valid for three-dimensional superpositions of light
fields. Two types of forces are obtained, the first accounting for the usual MOT force
using circularly polarized light beams and the second giving the “rectified” MOT force
that arises from linearly polarized light beams. New contributions from beams that are
neither co- nor counter-propagating are identified. As expected from previous work, for
the rectified MOT the force does not saturate for large intensities.

1 Introduction

Since the proposal of spontaneous-force trapping of neutral atoms [1] the magneto-optical
trap (MOT) [2] and its variants [3, 4, 5] have been extensively used for three-dimensional
optical trapping of atoms. As explained in Ref. [2], the operation of the MOT takes
advantage of the magnetic-field-induced circular dichroism of the atoms. For light fields
tuned to the low frequency side of the atomic resonance, the circular dichroism favors
absorption of photons whose spins are anti-parallel to the local magnetic field (see Fig. 1).
Using a magnetic field that changes direction around the equilibrium position of the trap
and counterpropagating light fields of opposite spin, a stable trap is produced.

It is straightforward to construct a simple rate equation model of a MOT in one
dimension[6]. Such models give reasonable agreement with experiment for low intensities,
but cannot be expected to accurately predict saturation or light-polarization properties of
the trap. The forces depend strongly on optical and Zeeman coherences that are produced
by the light fields and the magnetic field—features that require the full Optical Bloch Equa-
tions (OBEs) for proper treatment. This paper presents analytical, fully three-dimensional
results for the magnetic-field-dependent forces on atoms that have zero total angular mo-
mentum in the ground state and angular momentum J = 1 in the excited state. The results
are valid for small values of the magnetic field.

The key to the calculation is the observation that, for stationary atoms in sufficiently
small magnetic fields, the atomic response is dominated by the local electric field of the
light. Thus the calculation is made with an atomic basis that naturally and simply accounts
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Figure 1: Shown are the relevant energies for an atom that has a angular momentum 0
in the ground state and angular momentum 1 in the excited state. The atom is excited
by a monochromatic laser whose frequency ω is less than the zero-field atomic frequency
ω0. In a non-zero magnetic field B the Zeeman interaction shifts the magnetic sublevels
of the excited state, causing the atom to preferentially scatter photons whose spins s are
antiparallel to the magnetic field.

for the optically induced Zeeman and optical coherences. The magnetic field is added
perturbatively, after the manner of the well-known methods of Gordon and Ashkin[7] for
the damping of two-level atoms in the limit of small velocities. The dipole moment is
calculated for arbitrary direction of the magnetic field, and the result expressed without
reference to the coordinate system. In this way the force can be determined for one,
two, or three dimensional configurations of light beams,and for arbitrary polarizations and
intensities of the light beams. The MOT force is calculated, as well as the “rectified”
MOT that uses linearly polarized beams. In addition it is observed that inter-beam MOT
forces, i.e. magnetic-field-dependent forces that arise from beams that are neither co- nor
counter-propagating, are predicted by this theory.

2 Atomic Response to the Light Field and a Weak Mag-

netic Field

The system under consideration is a stationary atom with a ground state |g〉 of zero angular
momentum , and an excited state of angular momentum J = 1 and energy h̄ω0, interacting
with the local electric field of the light E exp−iωt + c.c. and a static magnetic field B.
Without sacrificing any generality, the electric field is taken to lie in the x − y plane of
a local Cartesian coordinate system, and so can be written in terms of spherical basis
vectors[8] as E = E(−e+1r̂−1 − e−1r̂+1), where E = |E|2.

The electric-dipole Hamiltonian in the rotating wave approximation is V = er ·Ee−iωt.
If we use for the basis states of the atom the Zeeman levels labelled by the customary
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|0〉, | ± 1〉 corresponding to the three spherical harmonics, there are two non-zero matrix
elements of V , 〈1|V |g〉 and 〈−1|V |g〉, so the OBEs are more complicated than the usual
two-level case. For zero magnetic field, however, the problem can be simplified to a two-
level system if we take as the basis states superpositions of | ± 1〉 constructed such that V
has a non-zero matrix element for only one of them. One choice for the superpositions is
|e〉 = e−1|1〉+ e+1| − 1〉 and |e′〉 = −e∗+1|1〉+ e∗−1| − 1〉. With these definitions the electric
dipole matrix elements become 〈e|er · E|g〉 ≡ h̄ε and 〈e′|er · E|g〉 = 0, where ε is the Rabi
frequency. Therefore the light only couples |g〉 and |e〉 and the OBE’s are identical to the
two-level case. In the absence of a magnetic field the steady-state density matrix elements
are found to be

ρee(0) =
ε2

∆2 + Γ2/4 + 2ε2
(1)

ρeg(0) ≡ σe(0) exp−iωt =
ε(∆− iΓ/2)

∆2 + Γ2/4 + 2ε2
exp−iωt, (2)

where ∆ = ω − ω0 is the detuning of the light field from resonance and 1/Γ is the natural
lifetime of the excited state. For reference, the Rabi frequency is related to Γ and the local
light intensity I via I/Is = 8ε2/Γ2 = 3λ3I/2π2h̄cΓ, where Is is the saturation intensity.

With the addition of a magnetic field, the Zeeman interaction gJµBB·J ≡ h̄Ω·J couples
|e〉 to |e′〉 and |0〉. The density matrix elements then depend on the Larmor frequency Ω.
To first order in Ω, the only additional density matrix elements are the Zeeman coherences
ρ0e and ρe′e and the optical coherences ρ0g ≡ σ0 exp(−iωt) and ρe′g ≡ σe′ exp(−iωt). The
relevant OBEs are therefore

iρ̇ee(Ω) = −iΓρee(Ω) + ε(σ∗e(Ω)− σe(Ω)) (3)

iσ̇e(Ω) = −(∆ + iΓ/2)σe(Ω) + ε(1− 2ρee(Ω)) + 〈e|Ω · J|e〉σe(0) (4)

iρ̇0e(Ω) = −iΓρ0e(Ω) + 〈0|Ω · J|e〉ρee(0)− εσ0(Ω) (5)

iσ̇0(Ω) = −(∆ + iΓ/2)σ0(Ω) + 〈0|Ω · J|e〉σe(0)− ερ0e(Ω) (6)

iρ̇e′e(Ω) = −iΓρe′e(Ω) + 〈e′|Ω · J|e〉ρee(0)− εσe′(Ω) (7)

iσ̇e′(Ω) = −(∆ + iΓ/2)σe′(Ω) + 〈e′|Ω · J|e〉σe(0)− ερe′e(Ω) (8)

The steady-state solutions to the above are easily solved since they are actually three
pairs of coupled equations. Only the results for the σ(Ω)s are given below since they are
all that is necessary to calculate the induced dipole moment and hence the force:

σe(Ω) = σe(0)

(
1 + 〈e|Ω · J|e〉

(
2∆

∆2 + Γ2/4 + 2ε2
− 1

∆− iΓ/2

))
(9)

σ0(Ω) =
〈0|Ω · J|e〉σe(0)

∆ + i(Γ/2 + ε2/Γ)

(
1 +

iε2/Γ

∆− iΓ/2

)
(10)

σe′(Ω) =
〈e′|Ω · J|e〉σe(0)

∆ + i(Γ/2 + ε2/Γ)

(
1 +

iε2/Γ

∆− iΓ/2

)
(11)

The matrix elements of Ω · J are easily calculated, and are

〈e|Ω · J|e〉 = Ωz(|e−1|2 − |e+1|2) = iΩ · (Ê× Ê∗) (12)

〈0|Ω · J|e〉 = Ω+1e−1 + Ω−1e+1 (13)

〈e′|Ω · J|e〉 = −2Ωze+1e−1. (14)
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Note that in Eq. 12 the matrix element is expressed as a triple product, i.e. without reference
to any particular coordinate system. This practice emphasizes the three-dimensional nature
of the results, and will be continued in the following.

The induced dipole moment p = −eTr(rρ) can now be determined. The calculation is
simplified by the use of the identity

r = zẑ + r · Ê∗Ê− ẑ · (r× Ê)ẑ× Ê∗ (15)

in which case

p = −e
(
〈g|r · Ê∗|e〉σe(Ω)Ê + 〈g|z|0〉σ0(Ω)ẑ− 〈g|ẑ · (r× Ê)|e′〉ẑ× Ê∗

)
(16)

The result for the magnetic-field-dependent part of the dipole moment is

p =
λ

8π2

[
σ1(∆, ε2)Ω×E + σ2(∆, ε2)Ω · (Ê× Ê∗)E

]
(17)

The functions σ1,2(∆, ε2) are given by

σ1(∆, ε2) =
3λ2Γ

4π

−∆Γ− i(∆2 − Γ2/4 + ε4/Γ2)

(∆2 + Γ2/4 + 2ε2)(∆2 + (Γ/2 + ε2/Γ)2)
(18)

σ2(∆, ε2) =
3λ2ε2

4π

∆(Γ2 − ε2) + i(3∆2Γ + Γ3/4 + 5Γε2/2 + 4ε4/Γ)

(∆2 + Γ2/4 + 2ε2)2(∆2 + (Γ/2 + ε2/Γ)2)
(19)

and are interpreted as photon scattering cross-sections per unit Larmor frequency. The
Ω×E part of p can be easily understood as resulting from the Lorentz force ṗ×B/c ∝
E×B.

3 Magneto-Optical Forces

The light-force on the atom is given by F = p · ∇E∗ + c.c. This in general has terms that
depend on intensity gradients as well as scattering forces. Since most experiments use
collimated Gaussian light beams for the trapping, the intensity gradients can be neglected.
The total electric field can then be assumed to be produced by the superposition of a
number of nearly plane waves, travelling in various directions k:

E =
∑
k

Ek exp(ik · r). (20)

Then the force becomes

F = −i
∑
k

k p ·E∗k exp(−ik · r) + c.c. (21)

Note that the force produced by one beam is in general affected by the dipole produced by
the other beams.

The force that arises from the first term in Eq. 17 dominates at low intensities. It is
given by

F1 = −i
∑
k

k̂

4π
σ1Ω · (E×E∗k) exp(−ik · r) + c.c. (22)
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This simplifies to

FMOT = −
∑
k

k̂
σ1Ik
2c

Ω · sk + c.c. (23)

if σ1 is assumed to have no spatial variation, and rapidly spatially varying terms are
dropped. The photon spin for beam k is given by sk = iÊk × Ê∗k. For negative detunings,

σ1 is positive, so FMOT is in the direction of k̂ when the photon spin is antiparallel to the
magnetic field. This is as expected from the simple considerations of Ref. [2] and Fig. 1.
Note that FMOT vanishes for linearly polarized light.

It is important to appreciate that ignoring the spatial dependence of σ1, such as was
done in obtaining Eq. 23, can lead to significant errors at high intensities. This is because
the intensity dependences of σ1 and σ2 (Eq.’s 18 and 19) spatially modulate the force if
an intensity gradient exists as must always be the case for three-dimensional traps. This
can produce a “rectification” [9] of a force that would average to zero if only the explicit
electric field dependences from Eq. 22 were considered.

The second term in Eq. 17 depends on the local photon spin s = iÊ× Ê∗:

F2 = −
∑
k

k̂

4π
σ2 Ω · sE ·E∗k exp (−ik · r) + c.c. (24)

This force depends on the component of the magnetic field along the direction of the local
photon spin. For small intensities, it is proportional to I2 and hence is negligible compared
to F1, but for large intensities it becomes dominant.

As an application of these formulas (22 and 24), consider a 1-D MOT produced by two
counterpropagating beams of equal intensity but opposite spin (sk = ±ẑ). In this case the
light polarization is linear but changes direction at each point in space. Thus the local spin
iE×E∗ vanishes, giving F2 = 0. In addition, for this simple case, there are no intensity
gradients so rectification of the rapidly oscillating terms of Eq. 22 does not occur and the
force is given entirely by Eq. 23, which simplifies to

FMOT =
−Re(σ1)IΩz

c
ẑ, (25)

where the propagation axis is taken to be the z-axis, and the total intensity of the two
beams is I. For large intensities, the force decreases as I−2 in contrast to I−1 as expected
from the simple model mentioned above [6]. For a 3-D MOT, this formula holds for small
intensities, but for large intensities rectification must be taken into account.

A second situation of interest is a pair of counterpropagating linearly polarized beams.
In this case there are intensity gradients and so rectification must be taken into account for
high intensities. Both F1 and F2 contribute to the force, with the result

F =
ΩzI sin θ

c

(
Im(σ1) cos 2kz − Im(σ2) cos θ sin2 2kz

1 + cos θ cos 2kz

)
ẑ (26)

where θ is the angle between the polarizations of the two beams. For small intensities only
the σ2 term contributes, with the spatially averaged final result being

F = −h̄kΩ sin θ cos θ

(
I

Is

)2 1 + 12∆2/Γ2

(1 + 4∆2/Γ2)3
ẑ (27)
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The sin θ cos θ is consistent with the dependence observed in Ref. [5]. Note that the force
is proportional to I2, indicating the stimulated nature of the force.

For high intensities, the spatially dependent force is

F = −h̄kΩ sin θ

(
2 cos θ sin2 2kz

(1 + cos θ cos 2kz)2
+

cos 2kz

1 + cos θ cos 2kz

)
ẑ (28)

Note that this is independent of intensity. The spatial average is F = −h̄kΩ tan θ(1 −
1/| sin θ|), except for small angles. This is in agreement with the numerical calculations of
Ref. [5] for θ = π/4. This formula is valid as long as Ω¿ ε, and shows that if εÀ Γ then
the scattering force limit h̄kΓ/2 can be exceeded, as has been pointed out elsewhere [5, 9].

4 Conclusions

Explicit analytical expressions for the magnetic-field-induced light forces on a J = 0→ J =
1 atom were obtained for arbitrary intensities and polarizations of the light waves in the
limit of small magnetic field. The results allow for 3-D configurations of light waves and
explicitly show for the first time the existence of magnetic-field-dependent forces generated
by inter-beam couplings.

The methods used here can be extended to more complex atomic configurations. In
particular, the steady-state atomic response in the absence of the magnetic field can be
readily obtained. For example, for a 1/2→ 3/2 configuration, there are two superpositions
of states analagous to |e〉, one for each of the two ground state sublevels. Simple equations
can then be written that allow for repopulation pumping. The situation becomes slightly
more complex for J = 1 → J = 2, where a linear superposition of the ±1 ground-state
sublevels is found by diagonalizing a 2 × 2 matrix. The advantage of this method is that
the optically produced Zeeman coherences are built into the basis states, and the optical
coherences are simply related to the ground-state populations. Then the ground-state pop-
ulations are easily determined by balancing incoming and outgoing spontaneous emission
rates. This procedure is completely equivalent to solving the full OBE’s in the absence of
a magnetic field.

Finally, it should be noted that a similar approach can be used to find the dark-state
resonances for J → J and J → J − 1 configurations. It is possible to construct an explicit
formula to determine the necessary superpositions of Zeeman levels for which there are no
couplings to any excited states.

Part of this work was completed while the author was at the Joint Institute for Lab-
oratory Astrophysics and supported by the Office of Naval Research. The work at the
University of Wisconsin-Madison was supported by the National Science Foundation, the
Packard Foundation, and the Sloan Foundation.
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