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We compute the longitudinal dielectric function εl(k) for p-point water models, p=3 (SPC/E, TIP3P), p=4 (TIP4P-EW,
OPC) and p=5 (TIP5P-E) from the charge-charge fluctuation function SZZ(k), obtained from two methods: average of
the charge in k-space (method:sum) and from the pair distribution function in Fourier space (method:integral). The
latter requires a continuation to small k-values, which we thoroughly discuss. We conclude with a detailed comparison
of the longitudinal dielectric function for the different p-point models and its main characteristics: small k and large k
limits, position of the poles and its (complex) zeros.

I. INTRODUCTION

The static dielectric constant εw is just the long-wavelength
limit of the (longitudinal) dielectric function εl(k). For water,
εl(k) was first calculated in Ref.1 by a combination of sim-
ulations using the Bopp-Jancsó-Heinzinger model and neu-
tron scattering experiments. Other determinations include the
TIP4P model2 and other organic solvents3. More recently, two
of us in this paper have calculated it4 for the SPC/E model5.

The dielectric function εl(k) is extremely important as it de-
termines the electrostatic interaction of any number of charges
in a medium. Ref.4, has shown that the Coulomb potential cre-
ated by a point charge of valence (or charge number) Q takes
the form (we denote the unit of charge as eL)

φ(r) =
eLQ

4πε0r

(
1
εw

+ ∑
l=1

ζle−kI,lr cos(kR,lr+αl)

)
, (1)

where l runs over all zeros of the dielectric function, i.e
εl(kl) = 0, where kl = kR,l + ikI,l and ζl ,αl are real numbers,
defined as the modulus and phase of the complex number

ζleiαl = 4Res
(

1
εl(kl)

)
, (2)

where Res stands for the residue in the complex plane. There-
fore, the dielectric function modifies the Coulomb law by
adding a damped oscillatory component. Only if there are no
zeros of εl(k), or for sufficiently long distances, r >> 1

kl,I
we

recover the usual Coulomb law in a medium with dielectric
constant εw, namely

φ(r) =
eLQ

4πε0εwr
. (3)

The additional contribution in Eq. 1 reflects the role played by
discrete water molecules, so we expect, on physical grounds,
that |kl | ∼ π

Dw
, where Dw is the diameter of a water molecule.

The purpose of this paper is to obtain, compare and dis-
cuss εl(k) for p-point models, see Fig. 1. More concretely,

Figure 1: Representation of the p-point models studied in this
paper with the conventional names given to the different

p-points.

we investigate the SPC/E5 and TIP3P6 (p=3), TIP4P-Ew7,
OPC8(p=4) and TIP5P-E9 (p=5).

II. METHODS

The dipole moment for a p-point water model is given as

µw =

 2eLqHdO−H cos(θ/2) 3
2eLqH(dO−H cos(θ/2)−dO−M) 4

2eL (qHdO−H cos(θH/2)+qLdO−L cos(θL/2)) 5
(4)
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which is derived from Fig. 1.
The dielectric function is computed from the fluctuation

formula assuming tin-foil boundary conditions, see Ref.4,10

εl(k) =
(

1−9py
SZZ(k)
k2µ2

w

)−1

(5)

y =
nwµ2

w
9kBT ε0

and nw is the water number density. The function
SZZ(k), the charge-charge correlation function, can be com-
puted in two different ways:

SZZ(k) =
{ 1

pNw
⟨ρ̂Z(k)ρ̂Z(−k)⟩ method:sum

e2
L ∑µ ∑ν qµ qν Sνµ(k) method:integral

. (6)

The first method is dubbed :sum as it involves the sum over
all charge positions, see Eq. 8, while the second :integral as it
involves the Fourier Transform Eq. 10.

Here, we consider water as composed of S species, i.e. O,
H, L, etc.., see Fig. 1. The first (method:sum) requires aver-
aging

ρ̂Z(k) =
S

∑
ν=1

qν ρ̂ν(k) (7)

where

ρ̂ν(k) =
Nν

∑
j=1

e−ik·r j . (8)

This is the method used in Ref.4,and our implementation here
follows the same procedure, so we refer there for details.

The second way (method:integral), was briefly mentioned
in Ref.4,but never applied to obtain the dielectric function, so
we discuss it here in detail. It can be formulated as

e2
L ∑

µ

∑
ν

qµ qν Sνµ(k) =


4
3 q2

He2
L
( 3

2 + ĥOO(k)−2ĥOH(k)+ ĥHH(k)
)

3 point
q2

He2
L
( 3

2 + ĥMM(k)−2ĥMH(k)+ ĥHH(k)
)

4 point
4
5 q2

He2
L
(
1+ ĥLL(k)−2ĥLH(k)+ ĥLL(k)

)
5 point

, (9)

which requires the pair distribution function hIJ(r) = gIJ(r)−
1 in k-space, defined through the dimensionless Fourier trans-
form f̂ , i.e the radial Fourier transform, given as

f̂ (k) = nw

∫
∞

0
drr24π f (r)

sin(kr)
kr

. (10)

Note that with this definition of the radial Fourier transform, it
is,within the NVT ensemble, ĥOO(0) =−1, ĥHH(0) =− 1

2 and
ĥMM(0) = −1, ĥLL(0) = − 1

2 with ĥIJ(0) = 0 if I ̸= J.Within

the grand canonical ensemble, these limits are defined in terms
of the thermodynamic compressibility and others, which are
computed through the Kirkwood-Buff method11–13.

It is convenient to introduce intramolecular(m) and inter-
molecular(d) contributions1, which we will denote with the
md notation, and write

SZZ(k) = S(m)
ZZ (k)+S(d)ZZ (k) . (11)

The intramolecular contribution can be computed analytically
as

S(m)
ZZ (k) =


2
3 q2

He2
L

(
3+ sin(kdHH )

kdHH
−4 sin(kdOH )

kdOH

)
3 point

1
2 q2

He2
L

(
3+ sin(kdHH )

kdHH
−4 sin(kdMH )

kdMH

)
4 point

2
5 q2

He2
L

(
2+ sin(kdHH )

kdHH
−4 sin(kdLH )

kdLH
+ sin(kdLL)

kdLL

)
5 point

(12)

The charge fluctuation SZZ(k) has exact forms in both long
and small wavelength limits4.

SZZ(k)≈ S(m)
ZZ (k), k >> kc (13)

SZZ(k)≈
µ2

w

9py

(
εw −1

εw

)
k2 +b4k4 + · · · , k → 0 (14)

The long wavelength limit is defined from kc =
2π

dHH
with dHH

the distance between the two hydrogens. The small wave-
length limit is constrained by Stillinger-Lovett (SL) sum rules,
where εw = εl(k = 0) is the static dielectric constant and b4 a
coefficient. The SL limit implies for p = 3 the sum rules
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Figure 2: Summary of calculations for the static dielectric constant εw in NPT. Cumulative average value and error is also
shown.
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−3
2
= 4πnw

∫
∞

0
drr2 (hOO(r)−2hOH(r)+hHH(r)) (15)

−1
6y

(
εw −1

εw

)
µ2

w

q2
He2

L
= 4πnw

∫
∞

0
drr4 (hOO(r)−2hOH(r)+hHH(r))

90
b4

q2
H
= 4πnw

∫
∞

0
drr6 (hOO(r)−2hOH(r)+hHH(r))

These sum rules are used in method:integral to constrain the
long distance limit for hIJ(r). SI provides a more explicit
derivation.

The static dielectric constant, which is needed for Eq. 14 is
calculated from the flucutation formula14

εw −1 =
⟨M⃗2⟩

3ε0kBTV
=

nw

3ε0kBT
µ

2
wg = 3y

⟨M⃗2⟩
Nµ2

w
, (16)

see Ref.4 for a discussion.

III. SIMULATION DETAILS

The quantity y, defined in Eq. 5 has the value

y = y(298.15,r)
ρw(T,P)

103
298.15

T
(17)

where y(298.15,r) is computed at a reference value of T =
298.15K and ρw,r = 103 kg/m3. Here, ρw(T,P) is the den-
sity of water (in kg/m3) at the corresponding temperature
and pressure. The error of y(298.15,r) is on the last digit,
which comes from the last digit of the water molecular weight
(Mw = 18.01528 g/mol) uncertainty. Table I provides actual
numerical values.

Model p µB (eL·Å) y(298.15,r) ρw (kg/m3) y
SPC/E 3 0.48937 6.177675 0.985(8) 6.196208
TIP3P 3 0.48863 6.166262 0.986(9) 6.079934

TIP4P-EW 4 0.48321 6.070332 0.995(6) 6.046050
OPC 4 0.51625 6.912483 0.997(8) 6.891746

TIP5P-E 5 0.47720 5.973980 1.003(9) 5.991902

Table I: Actual values for Eq. 17 for all water models
analyzed.

The standard deviation sD and error sE for a quantity A in a
simulation run for a time Ts and including NT configurations
is given as

sD(A) =
1

NT −1

NT

∑
l=1

(Al −A)2 , A =
1

NT

NT

∑
l=1

Al

sE(A) = sD(A)
(

2τA

Ts

)1/2

, (18)

here τA is the autocorrelation time for the observable

CAA(t) =
⟨A(t)A(0)⟩−⟨A(0)⟩2

⟨A(0)2⟩−⟨A(0)⟩2 . (19)

In practice, that data was collected so that for successive in-
tervals it was found that sE(A) = sD(A).

Simulations used HOOMD-blue15,16 using v4.7 imple-
mented through HOODLT17,18. HOODLT was used to gener-
ate the initial configurations, implement the force field and an-
alyze the results. Water was modeled with the different mod-
els using rigid body dynamics, as implemented in HOOMD-
blue19,20.

NPT simulations used the MTTK thermostat and barostat
with thermostat and barostat coupling times τT = 0.01 ps and
τP = 0.1 ps, and a time step ∆t = 1 fs. We verified that the in-
stantaneous kinetic temperature remains stable about the tar-
get value with no drift throughout the production runs under
this MTTK coupling as shown in Fig. ??. Electrostatic in-
teractions were included by the PPPM method with order of
4 and grid dimensions of 128× 128× 128. The cut-off for
the Lennard Jones particles was set to 2.8σ and electrostatic
cut-off (Rmax) for different systems is provided in Table II.

IV. RESULTS AND DISCUSSION

A. Static Dielectric Constant

Fig. 2 shows the convergence of the static dielectric con-
stant, computed from Eq. 16, as a function of simulation time
(in ns). It follows the same trends discussed in the literature,
as discussed in Ref.4. The results are summarized in Table II.
These values will be used to obtain the low k limit for both
SZZ(k),εl(k), as discussed below.

The values calculated from our simulations are consistent
with the ones reported in the literature. For SPC/E, Ref.4

has calculated εw = 70.0(4) at T = 300 K. For the other wa-
ter models, Ref.21 quotes the following values at T = 298:
εw = 95 (TIP3P), εw = 63 (TIP4P-EW) and εw = 92 (TIP5P-
E). These values are slightly lower, albeit consistent, with our
quoted results. Ref.22 provide some additional discussion for
these effects. Ref.8 quotes εw = 78.4(6) for OPC, consistent
with our estimates.

B. Dielectric Function

1. Calculation of εl(k)

We have described two methods, see Eq. 6. Method:sum
has been extensively discussed in Ref.4, so here we describe
method:integral. Concentrating on TIP3P (see other cases in
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Model Nw t(ns) Rmax (nm) α (nm−1) P (bar) sD sE T εw

SPC/E
500 200 1 3.77 11.1 (14.1) 53.77 1.22 298 69.7

1000 200 1.2 3.12 -3.1 (9.7) 56.79 1.29 298 70.3
2000 190 1.4 3.03 2.3 (6.9) 55.58 1.29 298 71.2

TIP3P
500 250 1 4.30 10.6 (11.0) 79.07 1.61 298 96.5

1000 230 1.2 3.12 -2.4 (8.4) 79.42 1.68 298 99.0
2000 191 1.2 3.03 1.8 (6.4) 77.54 1.81 298 97.1

TIP4P-
EW

500 150 1 4.30 19.4 (15.7) 52.78 1.39 298 64.9
1000 210 1.2 3.12 1.1 (9.4) 50.59 1.12 298 64.3
2000 163 1.2 3.03 -2.1 (7.6) 49.54 1.25 298 64.6

OPC
500 200 1 3.77 -6.9 (14.3) 64.26 1.46 298 78.1

1000 200 1 3.66 5.3 (10.2) 63.50 1.11 298 78.7
2000 200 1 3.55 9.2 (7.2) 63.26 1.43 298 78.9

TIP5P-E
500 200 1 3.77 -8.6 (12.6) 77.53 1.76 298 98.2

1000 200 1.2 3.12 24.4 (9.4) 79.05 1.79 298 97.5
2000 200 1.2 3.03 17.1 (6.4) 80.07 1.81 298 97.9

Table II: Static dielectric constant at 1 bar. Rmax is the cut-off in the local electrostatic contribution and α the split parameter
between real and k-space. P is the final pressure. sD is the standard deviation and sE the standard error.

SI from Fig.??-??) we derived, see discussion after Eq. 10:
ĥHH(k = 0) = − 1

2 , ĥOO(k = 0) = −1, ĥOH(k = 0) = 0. The
results obtained from the simulation are shown in Fig. 3(solid
lines) and deviate from the expected exact result.

These deviations are expected, because in a simulation, the
smallest non-zero value that can be attained is k ≈ π

L , where
V = L3 is the volume of the simulation box, and therefore
the integral over large distances in Eq. 10 is not possible to
calculate as it involves values of k that cannot be simulated.

The SL sum rules Eq. 15 provide a way around to the above
limitation. We expand of ĥIJ(k) for small k according to

ĥIJ(k) = f (0)+ f (2)IJ k2 + f (4)IJ k4 + · · · .. (20)

where f (0) is known from the normalization condition. We
then establish an interval [kmin,kmax] where Eq. 20 is satisfied,
and use to fit the coefficients with the additional constraint
that the SL Eq. 14 is satisfied. Further details on how this is
done are provided in the SI. Fig. 3 shows the corrected values
for ĥIJ(k). This is how the small k limit for ĥIJ(k) is fixed.

The resulting charge-charge fluctuation function SZZ(k) is
shown in Fig. 4. Both method:integral and method:sum give
the same results, see Fig. 4a; Method:integral gives smoother
results, yet the low k limit requires a more sophisticated, as
described above, correction.

The coefficient b4 in SL Eq. 14 is obtained by three dif-
ferent methods: The fit to method:sum as in our previous
publication4, the determination from f (4)IJ coefficients, see
Eq. 20, according to

b4 =
4q2

H
3

(
f (4)OO −2 f (4)OH + f (4)HH

)
(21)

see derivation in SI, and finally a straight fit to the uncorrected
low k-dependence from method integral. The actual results

Figure 3: Calculation of ĥIJ(k) for the TIP3P model. The
dashed line is the corrected low k dependence obtained from
a fit to Eq. 20 as described in the text. Further considerations

and details of the derivation are provided in SI.

are consistent with values

b4 =


5.1 ·10−4Å

4
e2 method:sum

6.4 ·10−4Å
4
e2 method:Integral Eq. 21

5.8 ·10−4Å
4
e2 method:Integral, fit to bareSZZ(k)

(22)
Here, b4 = 5.1 · 10−4 is the more reliable number as method
sum gives more consistent results. Table III provides a sum-
mary of the b4 coefficients for the different models.

2. εl(k) for p-point models

Fig. 5a shows SZZ(k) for all five water models considered
in this study. Plots for each individual model are provided in
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(a) SZZ(k) computed with method:sum and method:integral. (b) Analysis of the low k dependence of SZZ(k) and
the determination of the b4-coefficient, defined in

Eq. 14.

Figure 4: Calculation of the charge-charge fluctuation SZZ(k).

b4 pole 1 pole 2 ks ζ α

Units Å4
e2

L Å−1 Å−1 Å−1 rad
SPC/E 3.8 ·10−4 0.233 16.21 3.12+0.58i 14.23 0.98
TIP3P 6.0 ·10−4 0.155 14.7 2.87+0.73i 17.70 1.26

TIP4P-EW 3.1 ·10−4 0.126 20.1 3.15+0.58i 17.40 0.89
OPC 4.8 ·10−4 0.159 24.9 3.13+0.56i 21.19 0.79

TIP5P-E 1.1 ·10−4 0.275 8.18 2.70+0.64i 5.74 1.63

Table III: Summary of b4 coefficients, poles, complex zeros
ks = kR + ikI , and residue parameters ζ and α for εl(k) for all

water models.

SI. From Eq. 12, for large values of k it is

SZZ(k) =


2q2

He2
L ≈ 0.359e2

L SPC/E
2q2

He2
L ≈ 0.348e2

L TIP3P
3
2 q2

He2
L ≈ 0.412e2

L TIP4P-EW
3
2 q2

He2
L ≈ 0.692e2

L OPC
4
5 q2

He2
L ≈ 0.046e2

L TIP5P-E

(23)

It is noteworthy that the value for TIP5P is an order of mag-
nitude smaller than the other cases, which explains the overall
smaller SZZ(k) for TIP5P-E in Fig. 5a.

In order to avoid the distorting effect of the poles when pre-
senting εl(k), we show the results in terms of

χ(k) = 1− 1
εl(k)

, (24)

which satisfies χ(0) = εw−1
εw

and χ(∞) = 0. There are consis-
tent peaks at k ≈ 2π

dc
≈ 3, which reflect the size of the water

molecule and of its dipole moment. Here again, the case of
TIP5P-E is special with a function χ which is much smaller
than the other cases.

Table III summarizes relevant parameters characterizing
εl(k). The coefficient b4, which characterizes the low−k limit
for εl(k), see Eq 13 is consistently smaller as p increases. The
poles of εl(k) are at around k ∼ 0.1−0.3 Å−1 for the first and
k ∼ 10−20 Å−1 for the second for all p-models.

The zeros of εl(k), i.e.

εl(ks) = 0 with ks = kR + kI i (25)

determine the short-distance form of the Coulomb law, see
Eq. 1, see also Eq 2. As shown in Ref.4, if ks is a zero, inver-
sion symmetry and the fact that εl(k) is real for k real implies
that each zero has multiplicity of four; if ks is a zero, then
−ks, k∗s ,−k∗s , where a∗ is the complex conjugate of a, are also
zeros.

The zeros were computed in two different ways. In the first,
we computed the integral in Eq. 1 numerically, and fitted to
the expected form (the rhs). In the second we parameterized
the dielectric function as described in Ref.4 and computed the
poles and residues by analytical continuation. Both methods
gave very similar results for ks, but some small discrepancies
were found for the residue coefficients (Eq. 2). Table III sum-
marizes the results obtained with the first method. With small
variations, the zeros ks are such that ks,R ≈ 3 and ks,I ≈ 0.6 in
Å−1 for all models, also in agreement with Ref.4. The results
for the residue coefficient show much larger variability.

V. CONCLUSIONS

The longitudinal dielectric function εl(k) describes the role
of the water molecule finite size, thus determining the short-
range electrostatic force among charges, see Eq. 2. It is di-
rectly measurable from neutron experiments and indirectly,
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(a) SZZ(k) for all models

(b) χ(k) for all models

Figure 5: Comparison between SZZ(k) and χ(k) for all water
models considered in this study.

from other techniques, such as the surface force apparatus,
which can measure forces directly.

In this paper, we have provided a detailed calculation of
the longitudinal dielectric function εl(k) for water with five
different p-point models: SPC/E, TIP3P, TIP4P-EW, TIP5P-
E and OPC, using two different methods, method:sum and
method:integral combined with the small-k limit, see Eq. 13.
Both methods give entirely consistent results and satisfy the
large k limit described by Eq. 12. Application of both methods
enables to estimate the errors. The most relevant parameters
characterizing εl(k) are provided in Table III.

We have provided an accurate determination of the dielec-
tric constant εw for the different p-models. This is necessary
for obtaining the correct limit for εl(k) at low k-values. It is
relevant to state that besides OPC, which was determined to
reproduce electrostatic properties accurately, only the SPC/E
has a dielectric constant consistent with real water. There are
large variations of dielectric constant among models, and not
surprisingly, the different εl(k) functions show large varia-
tions as well.

The next step is to compare Eq. 1, see also Eq. 2, with the
potential of mean force in real simulations, see for example
Ref.23,24, where charges have a finite diameter. We can antic-
ipate that while the values of ks quoted in Table III reproduce
well the simulations, the residue coefficients ζ ,α are not en-
tirely consistent. It is beyond the scope of this paper to analyze

this situation, but it will be discussed elsewhere.
At this point, it would be of great interest to revisit the deter-

mination of the low-k limit in εl(k) Ref.1 by Bopp et al. and
improve its accuracy, as the results seem to imply that εl(k)
has a minimum for small k, between the k = 0 limit and the
first pole. This is different from the rigid p-point models con-
sidered in this paper, where εl(k) is monotonically increasing
towards the first pole, similarly as in other simpler models,
such as a LJ with point dipoles (Stockmayer model)25. Of
course, it would also be of great interest to determine the lon-
gitudinal dielectric function with polarizable water models.
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SUPPLEMENTARY MATERIAL

The supplementary material contains one supporting in-
formation file. Included is discussion of the low k limit
of SZZ(k) using Stillinger-Lovett relations by explaining the
Fourier transform used to calculate ĥ(k). We also present a
table of f (i)XY for all models which highlights the specific val-
ues we obtained through our simulations. Lastly, additional
results illustrating differences between SPC/E, TIP3P, TIP4P-
EW, OPC, and TIP5P via plots of gOO(r), χ(k), and εl(k) are
shown.
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