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Lectures: 2241 Chamberlin Hall

Wi-Fi: eduroam

Lunch: Chadbourne dorms

Lab tours:
Wed. 3:45 PM — Sinclair Lab

Thu. 3:45 PM — Kuzmin Lab

Fri. 2:30 PM — Song Lab
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Quantum mechanics (QM) = fundamental theory of the microscopic world

Remarkable predictive power

unintuitive ≠ vague or imprecise
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Precision of QM

g -factor of the electron:

µ⃗ = g
e

2m
S⃗ , (S = h̵/2)

Dirac theory: g = 2

QED: g = 2 +O(α), α = e2/h̵c ≈ 1/137
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Precision of QM

g -factor of the electron:

µ⃗ = g
e

2m
S⃗ , (S = h̵/2)

Dirac theory: g = 2

QED: g = 2 +O(α), α = e2/h̵c ≈ 1/137

g theory = 2.00231930436 . . .

g expt = 2.00231930436118(27)

Fan, et. al. (2023)
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Precision of QM
Metrology: Voltage standard and the Josephson effect

I (t) = Ic sin(ωt), ω = 2e

h̵
V

(cf. Planck relation E = h̵ω)
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Precision of QM

Metrology: Resistance standard and the quantum Hall effect

steady state: Fy = evxB − eVH/w = 0 ⇒ VH = vxBw

I = (envx)w ⇒ RH = VH

I
= B

ne
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Precision of QM

Metrology: Resistance standard and the quantum Hall effect

2. The Integer Quantum Hall E↵ect

In this section we discuss the integer quantum Hall e↵ect. This phenomenon can be

understood without taking into account the interactions between electrons. This means

that we will assume that the quantum states for a single particle in a magnetic field

that we described in Section 1.4 will remain the quantum states when there are many

particles present. The only way that one particle knows about the presence of others is

through the Pauli exclusion principle: they take up space. In contrast, when we come

to discuss the fractional quantum Hall e↵ect in Section 3, the interactions between

electrons will play a key role.

2.1 Conductivity in Filled Landau Levels

Let’s look at what we know. The experimental data for the Hall resistivity shows a

number of plateaux labelled by an integer ⌫. Meanwhile, the energy spectrum forms

Landau levels, also labelled by an integer. Each Landau level can accommodate a large,

but finite number of electrons.

E

k

n=1

n=2

n=3

n=4

n=5

n=0

Figure 12: Integer quantum Hall e↵ect Figure 13: Landau levels

It’s tempting to think that these integers are the same: ⇢xy = 2⇡~/e2⌫ and when

precisely ⌫ Landau levels are filled. And this is correct.

Let’s first check that this simple guess works. If know that on a plateau, the Hall

resistivity takes the value

⇢xy =
2⇡~
e2

1

⌫

with ⌫ 2 Z. But, from our classical calculation in the Drude model, we have the

expectation that the Hall conductivity should depend on the density of electrons, n

⇢xy =
B

ne

– 42 –

RH = h

ie2
, i = 1,2,3, . . .

von Klitzing, et. al. (1980)
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It’s tempting to think that these integers are the same: ⇢xy = 2⇡~/e2⌫ and when

precisely ⌫ Landau levels are filled. And this is correct.

Let’s first check that this simple guess works. If know that on a plateau, the Hall

resistivity takes the value

⇢xy =
2⇡~
e2

1

⌫

with ⌫ 2 Z. But, from our classical calculation in the Drude model, we have the

expectation that the Hall conductivity should depend on the density of electrons, n

⇢xy =
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ne

– 42 –

RH = 1

i
RK , RK = h

e2
= 25 812.807 . . . Ω

von Klitzing, et. al. (1980)
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Quantum phenomena on human scales

Stability of matter

U ∼ −e
2

R
→ −∞ as R → 0 ⇒ classical matter unstable

Uncertainty principle: ⟨P2⟩⟨R2⟩ ≳ h̵2

⇒ ⟨T ⟩ = 1

2m
⟨P2⟩ ≳ h̵2

2m⟨R2⟩

⟨T ⟩ ∼ ⟨U⟩ ⇒ quantum of density ∼ m3e6

h̵6
∼ 1022 cm−3
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Quantum phenomena on human scales

Heat capacity of polyatomic gases

Hdiatomic =
P⃗2

2M
+ L⃗2

2µr2
0

+ p2

2µ
+ 1

2
µω2

0(r − r0)2
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Heat capacity of polyatomic gases

Hdiatomic =
P⃗2

2M
+ L⃗2

2µr2
0

+ p2

2µ
+ 1

2
µω2

0(r − r0)2

classical heat capacity (equipartition): CV /R = 3 × 1
2 + 2 × 1

2 + 2 × 1
2 = 7

2
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This school: Recent advances in (1) controlling quantum systems and (2)
realizing emergent quantum phenomena. Unifying theme = quantum
coherence.
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1. Control over single and few-body quantum systems (few-body
coherence protected by isolation).
→ quantum computing/communication and quantum sensing
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This school: Recent advances in (1) controlling quantum systems and (2)
realizing emergent quantum phenomena. Unifying theme = quantum
coherence.

1. Control over single and few-body quantum systems (few-body
coherence protected by isolation).
→ quantum computing/communication and quantum sensing

2. Collective behavior of macroscopic collection (N →∞) of quantum
particles (many-body coherence protected by collective behavior and
associated rigidity).
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Quantum superposition and coherence

Double-well in the “two-state limit”:
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Quantum superposition and coherence
Double-well in the “two-state limit”:

H0 = ( 0 −∆/2
−∆/2 0

) ≡ −∆

2
σx

Ground state: ∣0⟩ = 1√
2
(∣ ↑⟩ + ∣ ↓⟩)

= coherent superposition of localized states
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Quantum superposition and coherence

Q: How does coherence manifest in observable phenomena?

Consider initial state: ∣ψ0⟩ = ∣ ↑⟩

Under time evolution by H0 = −∆σx/2:

∣ψ0⟩ → ∣ψ(t)⟩ = e−iH0t/h̵∣ψ0⟩

⟨σz(t)⟩ ≡ ⟨ψ(t)∣σz ∣ψ(t)⟩ = cos(∆0t/h̵)

oscillations are purely quantum: due to coherence of QM superposition
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Decoherence

Coupling to environment, modeled as collection of harmonic oscillators:

H = −∆

2
σx +∑

α

( p2
α

2m
+ 1

2
mω2

αx
2
α) + σx∑

α

Cαxα

Q: What is ⟨σz(t)⟩? Now ∣ψ0⟩ = ∣ ↑⟩ ⊗ ∣0⟩bath

H → H ′ = UHU†, U =∏
α

e−iσxCαpα/mαω2
α

xα → UxαU
† = xα − σxCα/mαω

2
α

H ′ = −∆

2
σx +∑

α

( p2
α

2m
+ 1

2
mω2

αx
2
α) + const.

12 / 1



Decoherence

Coupling to environment, modeled as collection of harmonic oscillators:

H = −∆

2
σx +∑

α

( p2
α

2m
+ 1

2
mω2

αx
2
α) + σx∑

α

Cαxα

Q: What is ⟨σz(t)⟩? Now ∣ψ0⟩ = ∣ ↑⟩ ⊗ ∣0⟩bath

H → H ′ = UHU†, U =∏
α

e−iσxCαpα/mαω2
α

xα → UxαU
† = xα − σxCα/mαω

2
α

H ′ = −∆

2
σx +∑

α

( p2
α

2m
+ 1

2
mω2

αx
2
α) + const.

12 / 1



Decoherence

Coupling to environment, modeled as collection of harmonic oscillators:

H = −∆

2
σx +∑

α

( p2
α

2m
+ 1

2
mω2

αx
2
α) + σx∑

α

Cαxα

Q: What is ⟨σz(t)⟩? Now ∣ψ0⟩ = ∣ ↑⟩ ⊗ ∣0⟩bath

H → H ′ = UHU†, U =∏
α

e−iσxCαpα/mαω2
α

xα → UxαU
† = xα − σxCα/mαω

2
α

H ′ = −∆

2
σx +∑

α

( p2
α

2m
+ 1

2
mω2

αx
2
α) + const.

12 / 1



Decoherence

Coupling to environment, modeled as collection of harmonic oscillators:

H = −∆

2
σx +∑

α

( p2
α

2m
+ 1

2
mω2

αx
2
α) + σx∑

α

Cαxα

Q: What is ⟨σz(t)⟩? Now ∣ψ0⟩ = ∣ ↑⟩ ⊗ ∣0⟩bath

H → H ′ = UHU†, U =∏
α

e−iσxCαpα/mαω2
α

xα → UxαU
† = xα − σxCα/mαω

2
α

H ′ = −∆

2
σx +∑

α

( p2
α

2m
+ 1

2
mω2

αx
2
α) + const.

12 / 1



Decoherence

Coupling to environment, modeled as collection of harmonic oscillators:

H = −∆

2
σx +∑

α

( p2
α

2m
+ 1

2
mω2

αx
2
α) + σx∑

α

Cαxα

Q: What is ⟨σz(t)⟩? Now ∣ψ0⟩ = ∣ ↑⟩ ⊗ ∣0⟩bath

H → H ′ = UHU†, U =∏
α

e−iσxCαpα/mαω2
α

xα → UxαU
† = xα − σxCα/mαω

2
α

H ′ = −∆

2
σx +∑

α

( p2
α

2m
+ 1

2
mω2

αx
2
α) + const.

12 / 1



Decoherence

H ′ = −∆

2
σx +∑

α

( p2
α

2m
+ 1

2
mαω

2
αx

2
α) + const.

⟨σz(t)⟩ = e−Φ(t) cos(∆t/h̵)

Φ(t) = ∑
α

C 2
α

mαω2
α

[1 − cos(ωαt)] = ∫
∞

−∞
dω J(ω)1 − cos(ωt)

ω2

J(ω) = ∑
α

C 2
α

mαω2
α

δ(ω − ωα) = bath density of states
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Decoherence

J(ω) = J0θ(ωc − ω)

⇒ Φ(t) ≈ t/τ, τ = 2

πJ0
(t ≫ 1/ωc)

⟨σz(t)⟩ ≈ e−t/τ cos(∆t/h̵)

For t ≫ τ , ⟨σz(t)⟩ → 0 and P↑ = P↓ = 1/2 = “classical” mixed state.

Strategy to minimize decoherence: bath coupling Cα → 0

14 / 1



Decoherence

J(ω) = J0θ(ωc − ω)

⇒ Φ(t) ≈ t/τ, τ = 2

πJ0
(t ≫ 1/ωc)

⟨σz(t)⟩ ≈ e−t/τ cos(∆t/h̵)

For t ≫ τ , ⟨σz(t)⟩ → 0 and P↑ = P↓ = 1/2 = “classical” mixed state.

Strategy to minimize decoherence: bath coupling Cα → 0

14 / 1



Decoherence

J(ω) = J0θ(ωc − ω)

⇒ Φ(t) ≈ t/τ, τ = 2

πJ0
(t ≫ 1/ωc)

⟨σz(t)⟩ ≈ e−t/τ cos(∆t/h̵)

For t ≫ τ , ⟨σz(t)⟩ → 0 and P↑ = P↓ = 1/2 = “classical” mixed state.

Strategy to minimize decoherence: bath coupling Cα → 0

14 / 1



Decoherence

J(ω) = J0θ(ωc − ω)

⇒ Φ(t) ≈ t/τ, τ = 2

πJ0
(t ≫ 1/ωc)

⟨σz(t)⟩ ≈ e−t/τ cos(∆t/h̵)

For t ≫ τ , ⟨σz(t)⟩ → 0 and P↑ = P↓ = 1/2 = “classical” mixed state.

Strategy to minimize decoherence: bath coupling Cα → 0

14 / 1



Decoherence

J(ω) = J0θ(ωc − ω)

⇒ Φ(t) ≈ t/τ, τ = 2

πJ0
(t ≫ 1/ωc)

⟨σz(t)⟩ ≈ e−t/τ cos(∆t/h̵)

For t ≫ τ , ⟨σz(t)⟩ → 0 and P↑ = P↓ = 1/2 = “classical” mixed state.

Strategy to minimize decoherence: bath coupling Cα → 0
14 / 1



Quantum materials

Typically, decoherence exponentially worse with growing number of DOF.

Special case: interacting quantum systems characterized by collective
variables.

Ex: Mean magnetization M⃗ in a ferromagnet, phase θ in a superconductor

A collective variable can demonstrate a resilience to decoherence (similar
to a single particle).

Quantum materials: engineered QM systems to yield phases of matter
with desirable coherent phenomena
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